and solutions of Yang-Baxter equation

Distributive biracks and solutions of
Yang-Baxter equation

Premysl Jedlicka
with Agata Pilitowska and Anna Zamojska-Dzienio

Department of Mathematics
Faculty of Engineering (former Technical Faculty)
Czech University of Life Sciences (former Czech University of Agriculture) in Prague

Siena, 21% February 2020

9? Faculty of vy

“\ Englneerlng UNIVERSITY
OF LIFE SCIENCES PRAGUE




Distributive biracks and solutions of Yang-Baxter equation

Yang-Baxter equation

Yang—Baxter equation

Definition
Let V be a vector space. A homomorphismR:V®V -V ®Vis
called a solution of Yang—Baxter equation if it satisfies

(R®idy)(idv ® R)(R®idy) = (idv ® R)(R ® idy)(idy ® R).
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Yang-Baxter equation

Set-theoretic solutions

Let X be a set. A mappingr:X x X — X x X is called a
set-theoretic solution of Yang—Baxter equation if it satisfies

(r x idy)(idx x r)(r x idyx) = (idx x r)(r x idx)(idx x r).

A solution r: (x,y) — (0x(y), Ty(x)) is called non-degenerate if oy
and T, are bijections, for all x,y € X. A solution r is called
involutive if r* = idx «x.
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Set-theoretic solutions
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Let X be a set. A mappingr:X x X — X x X is called a
set-theoretic solution of Yang—Baxter equation if it satisfies

(r x idyx)(idx x r)(r x idx) = (idx x r)(r x idx)(idx x r).

A solution r: (x,y) — (0x(y), Ty(x)) is called non-degenerate if oy
and T, are bijections, for all x,y € X. A solution r is called
involutive if r* = idx «x.

| \

Example

Let (G, ) be a group. Then
r1:(a,b) — (a tba,a)
ro:(a,b) — (ab~ta !, ab?)

are both non-degenerate solutions.
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Yang-Baxter equation

Definition of a birack

A birack is an algebra (X, o, e,\, /) that satisfies
x\(xoy) =y, (xey)/y =x,
xo (x\y) =y, (x/y) oy =x,
xo(yoz)=(xoy)o((xey)oz),
(xoy)e((xey)oz)=(xe(yoz))o(yez),
(xey)ez=(xe(yoz))e(yez),
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Yang-Baxter equation

Definition of a birack

A birack is an algebra (X, 0, e,\, /) that satisfies
x\(xoy) =y, (xey)/y =x,
xo (x\y) =y, (x/y) oy =x,
xo(yoz)=(xoy)o((xey)oz),
(xoy)e((xey)oz)=(xe(yoz))o(yez),
(xey)ez=(xe(yoz))e(yez),

Observation

If (X,0,e,\,/) is a birack then (x oy,x ey) is a non-degenerate
solution. Conversely, if (ox, Ty) is a non-degenerate solution then,
by setting x oy = ox(y), x ¢y = 1,(x), x\y = o5 }(y) and

x/y =T, ! (x), we obtain a birack.

| \
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Distributive biracks

Distributive biracks

Definition
Let (X, 0,9,\,/) be a birack. We say that X is distributive if it
satisfies

xo(yoz)=(xoy)o(xoz),
(xey)ez=(xez)e(yez).
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Distributive biracks

Let (X, 0,9,\,/) be a birack. We say that X is distributive if it
satisfies

xo(yoz)=(xoy)o(xoz),
(xey)ez=(xez)e(yez).

Example

| A\

Let (X, 0,\) be a left distributive left quasigroup. Then
(X,0,e,\,/) with e defined by xey =x/y =x, forall x,y € X, is a
distributive birack.

8
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Distributive biracks

Distributive biracks

Let (X, 0,9,\,/) be a birack. We say that X is distributive if it
satisfies

xo(yoz)=(xoy)o(xoz),
(xey)ez=(xez)e(yez).

| A\

Example

Let (X, 0,\) be a left distributive left quasigroup. Then

(X,0,e,\,/) with e defined by xey =x/y =x, forall x,y € X, is a
distributive birack.

Let (Y, e, /) be a right distributive right quasigroup. Then
(Y,o0,e,\,/) with o defined by xoy =x\y =y, forallx,y €Y, isa
distributive birack.
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Distributive biracks

Distributive biracks

Let (X, 0,9,\,/) be a birack. We say that X is distributive if it
satisfies
xo(yoz)=(xoy)o(xoz),
(xey)ez=(xez)e(yez).

Example

Let (X, o, \) be a left distributive left quasigroup. Then

(X,0,e,\,/) with e defined by xey =x/y =x, forall x,y € X, is a
distributive birack.

Let (Y, e, /) be a right distributive right quasigroup. Then
(Y,o0,e,\,/) with o defined by xoy =x\y =y, forallx,y €Y, isa
distributive birack.

Moreover, X x Y is a distributive birack.

| \
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Distributive biracks

Multiplication group

Let (X, 0,9,\,/) be a birack. We define permutations
Ly:a—xoa and Ri:a—aex,

for all x € X. We define the mutliplication group Mlt(X) as

Mlt(X) = (Ly, Ry; x € X).
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Distributive biracks

Characterisations of distributive biracks

Theorem (P.J., A.P., A.Z.-D.)

Let X be a birack. Then the following conditions are equivalent:
@ X is distributive,
o Mit(X) < Aut(X).
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Distributive biracks

Characterisations of distributive biracks

Theorem (PJ., A.P,, A.Z.-D.)
Let X be a birack. Then the following conditions are equivalent:

@ X is distributive,
o Mit(X) < Aut(X).

Theorem (PJ., A.P., A.Z.-D.)
Let (X,0,e,\,/) be a binary algebra. Then TFAE:
@ X is a distributive birack,
e X satisfies the following five properties:
o (X,0,\) is a left distributive left quasigroup,
o (Y,e,/) is a right distributive right quasigroup,
o Ly =Lyey, forallx,y € X,
o R, =Ry, forallx,y € X,
o LyR, =R/Ly, forallx,y € X.
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Nilpotent multiplication group

Nilpotency of groups

Definition
Let G be a group. The lower central series of G is defined as

e Gy =G,

e G; =[G;_41,G], foralli> 0.
We say that G is nilpotent of class k if k is the smallest number
such that |Gx| = 1. In particular, the trivial group is nilpotent of
class 0. )
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Nilpotent multiplication group

Nilpotency of groups

Definition

Let G be a group. The lower central series of G is defined as
(*] GO = G,
e G; =[G;_41,G], foralli> 0.

We say that G is nilpotent of class k if k is the smallest number
such that |Gx| = 1. In particular, the trivial group is nilpotent of
class 0.

| A

Question:

Does the nilpotency class of Mlt(X) imply some algebraic
property of the birack X?
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Nilpotent multiplication group

Retraction congruence of biracks

Definition
Let (X, 0,9,\,/) be a birack. We define a relation ~ on X as
follows:

x ~y ifand only if Ly = L, and Ry = R,,.

This equivalence is called the retraction of X.
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Nilpotent multiplication group

Retraction congruence of biracks

Definition
Let (X, 0,9,\,/) be a birack. We define a relation ~ on X as
follows:

x ~y ifand only if Ly = L, and Ry = R,,.

This equivalence is called the retraction of X.

Theorem (P.]., A.P., A.Z.-D.)

~ is a congruence of every birack.
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Nilpotent multiplication group

Multipermutation level

Definition

Let X be a birack. We denote by Ret(X) the quotient birack X/ ..
We say that a birack has multipermutation level k if k is the
smallest positive integer such that |Ret*(X)| = 1.
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Nilpotent multiplication group

Multipermutation level

Definition

Let X be a birack. We denote by Ret(X) the quotient birack X/ ..
We say that a birack has multipermutation level k if k is the
smallest positive integer such that |Ret*(X)| = 1.

Observation

A birack X has multipermutation level 1 if and only if there exist
permutations f,g € Sx such that fg = gf and Ly =f and R, = g,
for each x € X.
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Nilpotent multiplication group

Nilpotency vs. multipermutation, idempotent version

Theorem (P.J.,A.P.,A.Z.-D.)

Let X be a distributive idempotent birack. Then TFAE
@ X has multipermutation level k,
e Mlt(X) is nilpotent of class k — 1,
@ k is the smallest number such that

(-+-(xooxi)oxa)o---Joxe=(--(xpoxi)o---)ox

xpo(---o(x_10(X@xp 1)) =x10(---@(xp_q0x) ")

v
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Nilpotent multiplication group

Nilpotency vs. multipermutation, idempotent version

Theorem (P.J.,A.P.,A.Z.-D.)

Let X be a distributive idempotent birack. Then TFAE
@ X has multipermutation level k,
e Mlt(X) is nilpotent of class k — 1,
@ k is the smallest number such that

(-+-(xooxi)oxa)o---Joxe=(--(xpoxi)o---)ox

xpo(---o(x_10(X@xp 1)) =x10(---@(xp_q0x) ")

v

Let Q be a quandle. Then Q has multipermutation level k if and
only if LMIt(Q) is nilpotent of class k — 1.
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Nilpotent multiplication group

Nilpotency vs. multipermutation, non-idempotent

version

Theorem (PJ.,A.P.,A.Z.-D.)

Let X be a distributive birack and let k > 2. Then TFAE
@ X has multipermutation level k,
e Mlt(X) is nilpotent of class k — 1,
@ k is the smallest number such that

(- (rooxy)o---)oxg=((xgoxy) o) ox

xl.("'.(xk.karl)"'):xl.("'.(xk.x]i+1)"')
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