CHARLES UNIVERSITY, PRAGUE FACULTY OF MATHEMATICS AND PHYSICS

Divisibility lattices in positive braid monoids

Přemysl Jedlička

Summary of Ph.D. Thesis

Advisor: Doc. RNDr. Aleš Drápal, CSc.

Branch: M1 – Algebra, number theory and mathematical logic

UNIVERZITA KARLOVA, PRAHA MATEMATICKO-FYZIKÁLNÍ FAKULTA

Svazy dělitelnosti v monoidech kladných pletenců

Přemysl Jedlička

Autoreferát doktorské dizertační práce

Školitel: Doc. RNDr. Aleš Drápal, CSc.

Obor: M1 – Algebra, teorie čísel a matematická logika

Výsledky tvořící dizertační práci byly získány během studia na MFF UK v Praze a na Univerzitě v Caen v letech 2001–2004.

Dizertant: RNDr. Přemysl Jedlička Katedra Algebry MFF UK Sokolovská 83, 186 75, Praha 8 – Karlín

Školitelé: Doc. RNDr. Aleš Drápal, CSc.

Katedra Algebry MFF UK Sokolovská 83, 186 75, Praha 8 – Karlín

Prof. Patrick Dehornoy Laboratoire LMNO Université de Caen, BP 5186 F14032, Caen Cedex, Francie

Oponenti: Prof. RNDr. Ing. Petr Němec, DrSc. Katedra Matematiky TF ČZU Kamýcká 872, 165 21, Praha 6 – Suchdol

Bruno Leclerc Centre d’Analyse et de Mathématique Sociales EHESS, 54, Boulevard Raspail 75270, Paris Cedex 06, Francie

Obhajoba se konala dne 24. června 2004 v Caen: předseda oborové rady M1: Doc. RNDr. Jan Trlifaj, CSc.

Introduction

This text comprises two parts, namely the study of the semidirect products of lattices with applications in the Coxeter groups and in the Garside monoids, and the one of the free self-distributif idempotent groupoids (free LDI groupoids), which has as its elements the equivalence classes structured as lattices. The common point that connects this enough independent parts is the notion of lattice and of the confluence and, more generally, the type of combinatorial and algebraic arumentation used.

This first part is centred on the notion of semidirect product of lattices, whis is the analog, in the world of lattices, of the semidirect product of groups. As in the case of groups, there exists an internal version and an external version of the semidirect product of lattices, and this one is constructed using an action of one of the lattices on the other, the direct product corresponds to the case where the action is trivial. Since a lattice possesses two basic operations (meet and join), the construction of the semidirect product requiers a priori two applications from the first lattice into the endomorphisms of the second one. Actually, one mapping is sufficient for determine the order of the product and therefore for determine the second mapping.

Chapter 1 of the thesis describes the construction of the semidirect product of lattices, as well as the one of the semidirect product of semilattices (the case where only one lattice operation is defined). Many examples are analysed in details. The main result from the point of view of further developments is Proposition 1.15 which shows that, for determine a semidirect product of discrete lattices (and particulary of finite lattice), there suffices to know how to enumerate a set of triples called special, which code in a certain sense the immediate successor relation in the product. Another result is a characterisation of the smallest class of lattices closed under semidirect products: Proposition 1.25 Let L be a finite lattice. Then the following conditions are equivalent: (i) the lattice L belongs to the smallest class that contains the two element lattice and that is closed under sublattices, semidirect products and under isomorphic images; (ii) the lattice L does not contain any sublattice that maps onto a simple lattice; (iii) the lattice L belongs to the smallest class that contains the two element latice and that is closed under sublattices, under short exact sequences and under isomorphic images; (iv) the lattice L belongs to the greatest class of lattices closed under sublattices and under homomorphic images that does not contain any simple lattice.

Chapter 2 describes an application of the semidirect product of lattices in the Coxeter groups. This application is in fact the starting point of all twe work and the main motivation for which the general semidirect product was introduced. The Coxeter groups are a class of groups containing the symmetric groups and, more genrally, the reflection groups of an affine space, and they have been object of multiple works [27], [4] or [5]. Each Coxeter group W is equiped with a partial order relation called the weak order ≼ [3], which gives a semilattice structure on W in all cases, and a lattice structure in the case when W is finite. Our goal is to describe an explicit construction of this (semi)lattice structure, and this is where the semidirect product intervene. Among all the subgroups of a Coxeter group, there exists subgroups called parabolic which are themselves Coxeter groups, and which are indexed by the subsets of the set of the canonical generators of W . If W_J is a parabolic subgroup of W , there exists a natural decomposition of the elements of W associated with W_J , and it shows that this decomposition gives a congruence of the weak order (semi)lattice of W . Moreover, the classes of this congruence are mutually isomorphic and they have themselves a (semi)-lattice structure. We show the following general result:

Theorem 2.10 Let (W, S) be a Coxeter system and let J be a subset of S. We denote by W_J the subgroup generated by J and by W^J a left coset associated with W_J . Then the semilattice (W, ≼) is isomorphic to a semidirect product of semilattices (W_J , ≼) and (W^J , ≼).

Moreover, the preceding result is effectif in the measure that we can, in a great number of examples, completely describe the considered semidirect products exhaustively enumerating the special triples. We treat also the case of the types A_n, B_n, D_n, I_m, as well as the one of ~A_2: for every infite family, the weak ordre lattice is constructed inductively starting with the one of the preceding group of the family.

Other results of decompositions exist in the litterature [41], [23]. The specificity of our result is to enable an inductive construction (to construct the big lattice starting with the small lattices, which are the only known) and not only a decomposition (to exprime the elements of the big lattice, supposed to be known, in terms of the small lattices). Moreover, it seems that only the case of finite Coxeter groups has been considered, although our approach applicates to the infinite case as well.

Chapter 3 is sacrificed to the study ot the divisibility lattices in the Garside monoids. To each Coxeter group we associate so called Artin group, or Artin-Tits group, the presentation of which is obtained from the standard presentation of the Coxeter groups removing the torsion relations s^2 = 1, and a monoid of the same presentation. If W is a finite Coxeter group, and if M is the corresponding Artin monoid, there exists by construction a surjective homomorphism from M on W , and there exists also a canonical set section of this homomorphism. The image under this section of the maximal element w_0 of W is an element Δ of M which has important properties, and particulary the divisors of Δ in the sense of monoid M form a lattice isomorphic to the weak order lattice on W . We study here the lattices that appear as the lattices of the divisors of the elements Δ^k as well as the divisibility lattice of the monoid M :

Proposition 3.11 Let M be an irreducible Artin monoid of spherical type having at least two atoms. Then the divisibility lattice of M is simple.

The notion of Artin monoid is generalised to the Garside monoid defined as the monoid having an element called Garside element, divisors of which form a lattice [17]. We describe examples of Garside monoids M where the lattice of divisors of the minimal Garside element Δ in M is obtained as a semidirect product of the lattice of divisors of the minimal Garside element δ of a submonoid of M and of a lattice of divisors of Δ prime to the element δ.

The second part of the thesis is sacrificed to the study of the self-distributivity in presence of the idempotency. The self-distributivity is the algebraic identity D: x(yz) = (xy)(xz), and the idempotency is the algebraic identity I: x = xx. The LD groupoids, that means the groupoids formed of a set equipped with an operation satisfying the identity LD, have been much studied in the recent years, for instance by Dehornoy [13], Drápal [19], Kepka [34] ou Laver [39]. An LDI groupoid is an LD groupoid that satisfies also the identity I. The first problem, when we consider an algebraic identity or a family of algebraic identities, is the word problem, defined as the problem to algorithmically decide whether two abstract expressions written with variables and an operation (we say simply two terms) are or not equal modulo the considered identities. To solve this problem means to describe explicitely the free structures of the equational variety defined by these identities.

In the case of the identity LD, the question has been positively solved in [12], and there exist actually more methods for find out if two terms are or not LD-equivalents. In the case of LDI, that means when we add the idempotency to the self-distributivity, the question is open—and still remains. The results established in this thesis can be seen as partial results in the direction to a solution of the word problem of LDI, which remains to find.

Chapter 4 introduce basic notions needed to study LDI, that means to describe the equivalence relation on terms induced by the identities LD and I. The leading idea is to follow the methods developped in [12] for the case of LD, and to seek to extend them to the case of LDI—which is not an immediate task. It seems to be natural to introduce a variation ot the idempotency, namely the identity LI: (x · x) · y = x · y, and to make parallelly the study for LDI and for LDLI.

One of the results known for LD is that each class of LD-equivalence has a structure of lattice type (wheter it is a real lattice remains a conjecture in the general case): we introduce an oriented notion of LD-expansion raffining the LD-equivalence, and one of the main technical results is the result of confluence which affirms that two terms are LD-equivalents if and only if they have a common LD-expansion. This result has been shown also in the case of LDI by Larue in [38]. We remake the proof here and we show a similar result for LDLI:

Proposition 4.12 Two terms are LDLI-equivalent if and only if they have a common LDLIexpansion.

The problem for solving the word problem of a family of identities, for instance LDI or LDLI, is to know to show that two terms are not equivalent: in fact, if two terms are equivalent, we can always establish it systematically enumerating all the terms equivalent to the first one and watching if the second one appears on the list. There exist two methods for showing that two terms t, t^′ are not equivalent: the semantic method that consist of constructing an example of a groupoid S satisfying the considered itentities such that t and t^′ have different evaluations in S, and the syntactic method, consisting to find purely formel criteria showing that t and t^′ cannot be equivalent. For instance, in the case of LDI, both the identities LD and I conserve the rightmost and the leftmost variables and therefore, if these two variables in t and t^′ do not coincide, it is impossible for t and t^′ to be LDI-equivalent. What we would like to, is to define sufficiently fine criteria to separate all the nonequivalent terms, and this would be a solution of the word problem. In the case of LDI (and of LDLI), we do not have a such criterion but we show a partial result enabling to syntactically separate terms we did not know to separate till now. The statement use a certain notion of cut of a term.

Proposition 4.29 If two terms t, t^′ are LDI-equivalent, each cut of t^′ belongs to the set Cut(t).

We give nontrivial examples of an application of this criterion using a notion of weight on the variables of a term.

In Chapter 5, we study the geometry monoids of the identities LDI and LDLI. For each family of algebraic identities, there exists a monoid that describes the associated equivalence relation on the terms as orbits under the action of a certain monoide of operators [15]. In the case of the associativity, we obtain (essentielly) the Thompson’s group F [10], and in the one of the associativity and of the commutativity, we obtain (essentielly) the Thompson’s group V [7]. In the case the self-distributivity LD, the geometry monoid is an extension of the Artin’s group B_∞, and it is the study of this monoid that enabled to solve the word problem of LD and many connected questions [12]. It is hence natural to study the geometry monoids of the families of identities LDI and LDLI too, particulary hoping to solve the word problems. In the case of LD, the solution comprises four stages, namely the introduction of the syntactic monoid—a monoid satisfying the main relations of the geometry monoid; the proof of the confluence in the syntactic monoid, which means to show that each element of the fraction group of the syntactic monoid can be written in the form uv^{−1} where u and v belong to the monoid; the solution of the word problem of the syntactic monoid; and the construction of an injective mapping from classes of LD-equivalence to the syntactic group. We succeed to complete the first two stages of this approach in the case of LDI and the first three stages in the case of LDLI. The main results of this chaptre are: Proposition 5.41 Each element of the fraction group of the syntactic monoid of LDI (respectively of LDLI) can be written as uv^{−1} where u and v belong to the positive syntactic monoid of LDI (respectively of LDLI).

Proposition 5.46 The syntactic monoid of LDLI is left cancellative, and each pair of elements admit a right least common multiple and a left greatest common divisor and the word problem of this monoid can be solved by the returning of words.

Chaptre 6 contains results about the LDLI groupoids, that means about the groupoids satisfying both the identities LD and LI. We describe a decomposition of the LDLI groupoids that enables to reconstruct the LDLI groupoids starting with LDI groupoids and right constant groupoids, that means groupoids satisfying the identity x · z = y · z. We use this construction to construct the free LDLI groupoids starting with the free LDI groupoids and we deduce the following result: Proposition 6.8 Two terms are LDLI-equivalent if and only if they are LDI-equivalent ant they have the same right height, i.e. the same length of the rightmost branch when the terms are seen as binary trees.

An easy corollary is that a word problem solution of LDLI would give a word problem solution for LDI, and vice versa. Another application of the proposition is that the equational variety generated by LDLI is the smallest variety that includes both the variety generated by LDI and the one generated by the identity x · z = y · z.

I Semidirect products of lattices

1 Semidirect product of lattices

Definition: Let L be a lattice and let θ be a congruence on L. We say that the congruence θ on L is isoform if the classes of θ are mutually isomorphic sublattices.

Proposition 1.4: Let K, H be two lattices and let φ, ψ : K × K → H^H be two mappings satisfying the following conditions:

φ_{k,k} = ψ_{k,k} = id_H , (1.6) φ_{k,k}′_{∨k}′′ = φ_{k∨k}′_{,k}′′ ∘ φ_{k,k}′ , (1.7) ψ_{k,k}′_{∧k}′′ = ψ_{k∧k}′_{,k}′′ ∘ ψ_{k,k}′ , (1.8) h ⩽ ψ_{k,k∧k}′ ∘ φ_{k∧k}′_{,k} (h), (1.9) h ⩾ φ_{k,k∨k}′ ∘ ψ_{k∨k}′_{,k} (h), (1.10) φ_{k,k}′ (h ∨ h^′) = φ_{k,k}′ (h) ∨ φ_{k,k}′ (h^′), (1.11) ψ_{k,k}′ (h ∧ h^′) = ψ_{k,k}′ (h) ∧ ψ_{k,k}′ (h^′). (1.12) then the set K × H with the operations ⊔, ⊓, defined by

(k_1, h_1) ⊔ (k_2, h_2) = (k_1 ∨ k_2, φ_{k1,k2} (h_1) ∨ φ_{k2,k1} (h_2)), (1.17) (k_1, h_1) ⊓ (k_2, h_2) = (k_1 ∧ k_2, ψ_{k1,k2} (h_1) ∧ ψ_{k2,k1} (h_2)), (1.18)

forms a lattice.

Definition: The lattice constructed in Proposition 1.4 is called a semidirect product of lattices K and H, and denoted by K ⋉^φ_ψ H.

Proposition 1.8: Suppose that L is equal to K ⋉^φ_ψ H. Then there exists a congruence θ on L such that K is the factor lattice and all equivalence classes of θ are isomorphic to H.

Proposition 1.9: Let L be a lattice admitting an isoform congruence θ. Let K be the factor lattice L/_θ and let H be one of the congruence classes. Suppose that both the following conditions are fulfilled:

the set {h^′ ∈ H; ∃ k, k^′ ∈ K : (k, h) ⩽ (k^′, h^′)}, denoted by E_h, is lower bounded for each h in H,

(1.23)

the set {h^′ ∈ H; ∃ k, k^′ ∈ K : (k, h) ⩾ (k^′, h^′)}, denoted by E^h, is upper bounded for each h in H.

(1.24)

Than there exist mappings φ and ψ satisfying the conditions of Proposition 1.4 such that the lattice L is isomorphic to the lattice K ⋉^φ_ψ H.

Proposition 1.12: Let K, H be two lattices and let φ be a mapping from K × K to H^H that satisfies φ_{k,k} = id_H , for each k in K, and Conditions (1.7) and (1.11), and also, for all k_1, k_2 in K, the condition the set φ^{−1}_{k1,k2} ( (h ] ) owns a smallest element. (1.30) Then the set K × H equipped with the order ⩽, defined by (k, h) ⩽ (k^′, h^′) ⇐⇒ (k ⩽ k^′) et (φ_{k,k}′ (h) ⩽ h^′), (1.27) is a lattice.

Proposition 1.13: (i) Let K, H be two join-semilattices an let φ be a mapping from K × K to End(H) that satisfies φ_{k,k} = id_H , for each k in K, and Condition (1.11). Then the set K × H equipped with the order ⩽ defined by (1.27) is a join-semilattice.

(ii) Moreover, if K, H are complete and the mapping φ satisfies Condition (1.30) then (K × H, ⩽) is a complete lattice.

Proposition 1.15: Let K, H be two join-semilattices and let φ be a mapping from K × K to End(H) such that K ⋉^φ H exists.

(i) If every interval of K is of finite length then the mapping φ is uniquelly described by the mappings φ_{k,k}′ , with k^′, an immediate successor of k in K.

(ii) If every interval of H if of finite lenght then we have, for each k^′ an immediate successor of k in K, φ_{k,k}′ (h) = φ_{k,k}′ ( min{h^′ ∈ H : (h^′ ⩾ h) and ((k^′, φ_{k,k}′ (h^′)) succeeds immed. (k, h^′)))} ) .

Definition: Let L_1, L_2, . . . , L_κ be lattices, for an ordinal κ. We denote by ∑ i<κ L_i the ordinal sum of lattices, defined as the disjoint sum of sets L_i equipped with th ordre ⩽:

a ⩽ b in L ⇐⇒ ((a, b ∈ L_i) and (a ⩽_{Li} b)) or ((a ∈ L_i, b ∈ L_j ) et (i < j)).

Proposition 1.16: Let L be a lattice and let θ be a nontrivial congruence on L. Then L embeds into a semidirect product of L/_θ and of an ordinal sum of congruence classes and one element sets. This embedding extends the congruence θ into the canonical congruence of the semidirect product.

Definition: We denote by SD the smallest class of lattices that contains the two element lattice and that is closed under sublattices, under semidirect products and under isomorphic images.

Proposition 1.25: Let L be a finite lattice. Then the following conditions are equivalent: (i) the lattice L belongs to SD;

(ii) the lattice L do not contain any sublattice that maps onto a simple lattice; (iii) the lattice L belongs to the smallest class that contains the two element lattice and that is closed under sublattices, under short exact sequences and under isomorphic images; (iv) the lattice L belongs to the gratest class of lattices, closed under sublattices and under homomorphic images that does not contain any simple lattice.

Proposition 1.28: The smallest quasivariety of lattices that contains the two element lattice and that is closed under semidirect product is not a variety.

2 Construction of the weak order of Coxeter groups

Definition: A Coxeter graph Γ = (S, A) is a finite nonoriented graph with edges (s, t) in A labelled by a number m_{s,t} of the set {3, 4, . . . , ∞}. We say that a group W is a Coxeter group associated to the graph of Coxeter Γ = (S, A) if it admits the presentation

⟨ S; s^2 = 1, (st)^2 = 1 for (s, t) ∉ A, (st)^{ms,t} = 1, pour (s, t) ∈ A and m_{s,t} < ∞ ⟩. (2.1)

We say that the pair (W, S) is a Coxeter system if W is a groupe and if there exists a graph of Coxeter Γ = (S, A) to which the group W is associated. For each element g of W , we define the lenght ℓ(g) as the minimal length of a sequence s_1, s_2, . . . , s_k, with s_i in S, satisfying g = s_1s_2 · · · s_k. The word s_1s_2 · · · s_k is then called a reduced expression.

Definition: Let W be a Coxeter group. For g, h in W , we write g ≼ h if and only if we have ℓ(g) + ℓ(g^{−1}h) = ℓ(h). This relation is called the weak order of the group W .

Proposition 2.2: Let W be a Coxeter group. Then the set (W, ≼) is a meet-semilattice and the element 1 is its smallest element. If W is finite then (W, ≼) is a lattice.

Definition: Let (W, S) be a Coxeter system and let J a subset of S. We denote by W_J the group generated by J and by W^J the left coset of minimal representatives relative to W_J .

Theorem 2.10: Let (W, S) be a Coxeter system and let J be a subset of S. Then the meetsemilattice (W, ≼) is isomorphic to a semidirect product of the semilattices (W_J , ≼) and (W^J , ≼).

Theorem 2.12: Let (W, S) be a Coxeter system with W finite and let J be a subset of S. Then the lattice (W, ≼) is isomorphic to a semi-direct product of the lattices (W_J , ≼) and (W^J , ≼).

Proposition 2.19: Let (W, S) be a Coxeter system and let J be a subset of S. Then the operation of meet in the semilattice (W, ≼) is determined using the operations of meet in the semilattices W_J and W^J by the formula: (k, h) ∧ (k^′, h^′) = (k ∧ k^′, ψ_{k,k}′ (h) ∧ ψ_k′_{,k}(h^′)). (2.4) where the mapping ψ is expressed by an explicit algorithme.

3 Lattices of divisibility

Definition: Let Γ = (Σ, A) be a Coxeter graph. The Artin group associated to Γ is the group presented by the group presentation ⟨ Σ; [σ, τ⟩^{mσ,τ} = [τ, σ⟩^{mσ,τ} pour m_{σ,τ} < ∞ ⟩. (3.1) The Artin monoid associated to Γ is the monoid presented by the monoid presentation (3.1). An Artin group or an Artin monoid is said of spherical type if the associated Coxeter graph defines afinite Coxter group. We say that an Artin group or an Artin monoid is irreducible if its Coxeter graph is connected.

Definition: Let M be a monoid. We say that an element a of M is an atom if the relation a = bc, for b, c in M, implies b = 1 or c = 1 We say that the monoid M is atomic if the upper bound ‖a‖ of lengths of decompositions of the element a as a product of atoms is finite for each a in M.

For the order by left divisibility on an Artin monoid of spherical type, there exists a supremum a∨b and an infimum a ∧ b. We define the operation \ of the left residue by a ∨ b = a(a\b) = b(b\a) (3.2)

Definition: Let M be an atomic monoid. We say that an element δ of M is balanced if the set of left divisors of δ coincide with the set of right divisors of δ. This set is denoted by M(δ). An element δ of M is called a Garside element if it is balanced and M(δ) generates M. A Garside element is called a minimal Garside element of M if it is the smallest among all Garside elements of M, with respect to the left divisibility.

Proposition 3.8: Let M be an irreducible Artin monoid of spherical type that has at least two atoms. We denote by Δ its minimal Garside element and by L the left divisibility lattice of divisors of Δ^k, for k > 1. Let θ be a nontrivial congruence on L. If two elements a, b of L are θ-equivalent then the two following conditions are fullfilled: {c ∈ L; c ≼ a and ‖c‖ ⩽ k} = {c ∈ L; c ≼ b and ‖c‖ ⩽ k}, (3.3) {c ∈ L; a ≼ c and ‖c\Δ^k‖ ⩽ k} = {c ∈ L; b ≼ c and ‖c\Δ^k‖ ⩽ k}. (3.4)

Proposition 3.11: Let M be an irreducible Artin monoid of spherical type that has at least two atoms. Then the lattice (M, ≼) is simple.

Definition: A monoid M is called a Garside monoid if it satisfies the following four conditions: (i) The monoid M is atomic with a finite number of atoms.

(ii) The monoid M is cancellative.

(iii) Each pair of elements of M admits a right lcm and a left gcd. (iv) There exists a Garside element in M.

Definition: Let M be a Garside monoid and let Δ be its minimal Garside element. Let δ be a balanced divisor of Δ in M. We denote by M_δ the monoid generated by the set of divisors of δ. If we have M(δ) = M(Δ) ∩ M_δ then the monoid M_δ is called a parabolic subomonoid of M.

Definition: Let M be a Garside monoid and let Δ be its minimal Garside element. Let M_δ be a parabolic submonoid of M. We say that an element a of M(Δ) is δ-reduced if we have a ∧ δ = 1. The set of all the δ-reduced elements is denoted by M^δ. We denote by d_δ the greatest element of M^δ if such an element exists.

Theorem 3.18: Let M be a Garside monoid and let Δ be its minimal Garside element. Let M_δ be a parabolic submonoid of M. Suppose that the element d_δ exists and that we have Δ = δd_δ. Then the set M^δ is a lattice and the lattice M(Δ) is isomorphic to the semidirect product of M(δ) and M^δ .

Definition: Suppose that M_1, . . . , M_n are Garside monoids. Let i be the set of the atoms of M_i for i between 1 and n. A family of functions verifying the residue identities is defined as a family ⃗Θ of functions Θ_{ij} : M_i × M_j → M_j for 1 ⩽ i ≠ j ⩽ n such that, for each a in M_i, the restriction Θ_{ij}(a, ·) of Θ_{ij} to {a} × M_j is a bijection of M_j , and verifies Θ_{ij} (ab, c) = Θ_{ij} (b, Θ_{ij}(a, c)), Θ_{ij} (a, cd) = Θ_{ij} (a, c)Θ_{ij}(Θ_{ji}(c, a), d), Θ_{jk}(Θ_{ij}(a, c), Θ_{ik}(a, e)) = Θ_{ik}(Θ_{ji}(c, a), Θ_{jk}(c, e)), for a, b in M_i, c, d in M_j, e in M_k with 1 ⩽ i ≠ j ≠ k ≠ i ⩽ n. The crossed product �^{⃗Θ}_i M_i is defined as the factor of the free product of M_i under the congruence generated by all the pairs (xΘ_{ij} (x, y), yΘ_{ji}(y, x)) with x in A_i, y in A_j and 1 ⩽ i < j ⩽ n. For n = 2, we denote the crossed product by M_1 ▷◁_{⃗Θ} M_2.

Proposition 3.22: Suppose that M_1, M_2 are Garside monoids. Let ⃗Θ be a family of functions verifying the residue identies. We denote by Δ_i the minimal Garside element of the monoid M_i, for i = 1, 2 and by M the monoid M_1 ▷◁_{⃗Θ} M_2. Then the lattice of divisors of the minimal Garside element of M is isomorphic to the semidirect product M(Δ_1) ⋉^φ M(Δ_2), where the mapping φ is defined as φ_{a,ax}(b) = Θ_{12}(x, b), for each a in M(Δ_1), each b in M(Δ_2) and each x an atom of M_1.

II Left self-distributive idempotent groupoids

4 Identities LD, I, LI and their expansions

Definition: Let t, t^′ be two terms.

(i) We say that t^′ is a basic LD-expansion of the term t if it is obtained from t by replacing a subterm t_1 · (t_2 · t_3) by the term (t_1 · t_2) · (t_1 · t_3).

(ii) We say that t^′ is a basic I-expansion of the term t if it is obtained from t by replacing a subterm t_1by the term t_1 · t_1.

(iii) We say that t^′ is a basic LI-expansion of the term t if it is obtained from t by replacing a subterm t_1 · t_2 by the term (t_1 · t_1) · t_2.

(iv) We say that t^′ is a basic LDI-expansion of the term t if t^′ is either a basic LD-expansion of t or a basic I-expansion of t.

(v) We say that t^′ is a basic LDLI-expansion of the term t if t^′ is either a basic LD-expansion of t or a LI-expansion of t.

Definition: Let the symbol � mean one of the families LD, I, LI, LDI or LDLI. We say that a term t^′ is a k-�-expansion of the term t if there exists a sequence t = t_0, t_1, . . . , t_k = t^′ such that t_i is a basic �-expansion of t_{i−1}, for all i between 1 and k. We say that t^′ is a �-expansion of t (notation t^�→ t^′) if there exists k such that t^′ is a k-�-expansion of the term t.

Definition: Let t_0, t be two terms. The term t_0 ∗ t is defined inductively:

t_0 ∗ t = { t_0 · t when t is a variable, (t_0 ∗ t_1) · (t_0 ∗ t_2) for t = t_1 · t_2.

(4.4)

We can show by induction that the term t_0∗t is obtained from the term t by applying the substitution x → t_0 · x. Definition: Suppose that t is a term. We define the terms ∂_{LD}t, ∂_{LDI}t et ∂_{LDLI}t inductively:

∂_{LD}t = { t when t is a variable, ∂_{LD}t_1 ∗ ∂_{LD}t_2 for t = t_1 · t_2,

(4.5)

∂_{LDI}t = { t · t when t is a variable, ∂_{LDI}t_1 ∗ ∂_{LDI}t_2 for t = t_1 · t_2,

(4.6)

∂_{LDLI}t = { t when t is a variable, ∂_{LDI}t_1 ∗ ∂_{LDLI}t_2 pour t = t_1 · t_2.

(4.7)

Proposition 4.9: Let the symbol � mean one of the families LD, LDI or LDLI and let t, t^′ be two terms. If t^′ is a basic �-expansion of t then ∂_�t is a �-expansion of t^′.

Proposition 4.12: Let the symbol � mean one of the families LD, LDI or LDLI and let t and t^′ be two terms. Then there exists k such that the term ∂^k_�t is a �-expansion of t^′.

Definition: An addresse is a finite sequence of 0’s and 1’s. The empty adresse is denoted by �. The set of all the addresses is denoted by A. An adresse α is said final if we have α = 1^p for some p ⩾ 0.

Definition: Suppose that t is a term. For α an addresse in A, the subterm of t at α, or the α-subterm of t, is the term sub(t, α), specified possibly as:

sub(t, α) = t pour α = �, sub(t_1, β) for α = 0β and t = t_1 · t_2, sub(t_2, β) for α = 1β and t = t_1 · t_2.

(4.11)

Definition: Let t be a term. We say that α is an addresse in t if the subterm sub(t, α) exists. In this cas, we say that α is external in t if sub(t, α) is a variable, and is internal otherwise. The skeleton of t is defined as the set Skel(t) of all the addresses in t; the outline of t is defined as the set Out(t) of all the external addresses in t.

Definition: For two terms t_1 and t_2, we write t_1 � t_2 if we have t_1 = sub(t_1, 0^p) for some p > 0. We denote by t_1 ⊑ t_2 the same relation witth p ⩾ 0. We write t_1 ⊑_� t_2 if there exist terms t_1 and t_2 with t^′_1^�= t_1, t^′_2^�= t_2 and t^′_1 ⊑ t^′_2.

Definition: For a term t and α in Skel(t), we define the cut of t at α as the term cut(t, α) recursively:

cut(t, α) = t pour α = �, cut(t_1, β) for α = 0β and t = t_1 · t_2, t_1 · cut(t_2, β) for α = 1β and t = t_1 · t_2.

(4.15)

Definition: For a term t, we define the sets Cut_{LDI}(t) and Cut_{LDLI}(t) as the smallest sets of terms satisfying:

- each cut of the term t belongs to Cut_�(t);

- each term s^′ �-equivalent to a term s in Cut_�(t) belongs to Cut_�(t);

- let s, s^′ be two terms in Cut_{LDI}(t); if there exists a term t^′ in Cut_{LDI}(t) such that s is the cut of t at an addresse α and s^′ is the cut of t at an addresse α^′ and if we have α ⩾ α^′, then the term s · s^′ belongs to Cut_{LDI}(t);

- let s, s^′ be two terms in Cut_{LDLI}(t); if there exists a term t^′ in Cut_{LDLI}(t) such that s is the cut of t at a nonfinal addresse α and s^′ is the cut of t at an addresse α^′ and if we have α ⩾ α^′, then the term s · s^′ belongs to Cut_{LDLI}(t).

From now, the symbol � stands for one of the families LDI or LDLI.

Proposition 4.29: Let t^′ be a term �-equivalent to a term t. Then each cut of t^′ belongs to the set Cut_�(t).

Proposition 4.34: The following conditions are equivalent for two terms s and t: (i) we have s ⊑_� t;

(ii) there exists a term t^′, with t^�= t^′, and α, an addresse of Skel(t^′) satisfying cut(t^′, α) = s; (iii) we have s ∈ Cut(t); (iv) we have Cut(s) ⊆ Cut(t).

Definition: Suppose that α and β are two addresses with α >_{LR} β. We say that α covers β if there exists an addresse γ and a positif integer q satisfying α = γ1^q and γ0 ⊑ β. Otherwise we say that α incovers β and we write α ≫ β.

Definition: Let t be a term. A cascade in t is a finite sequence ⃗α of pairs ((α_1, a_1), . . . , (α_p, a_p)) such that α_1, . . . , α_p is a strictement decreasing sequence of addresses in Out(t), and a_1, . . . , a_p are coefficients 0 or 1, for which a_i = 0 implies i = p or α_i ≫ α_{i+1}. We write Casc(t) for the set of all the cascades in t.

Proposition 4.38: (i) For every term t, there exists a bijection π_t between the set Casc(t) and the set Out(∂_{LDI}t). Suppose that ⃗α = ((α_1, a_1), . . . , (α_p, a_p)) is a cascade in t. Then we have:

cut(∂_{LDI}t, π_t(⃗α)) = ∂_{a1} cut(t, α_1) · · · · · ∂_{ap} cut(t, α_p), (4.23)

where ∂_0 means ∂_{LDI} and ∂_1 means ∂_{LDLI}.

Definition: Let t_0 be a term. For k ⩾ 0, we say that a term t is a t_0-∂_�-normal of degree k if t is the cut of ∂^k_�t_0 in an addresse α and no cut of ∂^k_�t_0 at an addresse β <_{LR} α is �-equivalent to t. Moreover, for k > 0, we require that no cut of ∂^{k−1}_� t is �-equivalent to t neither.

Proposition 4.43: Let t_0 be a term. Then each term t with t ⊑_� t_0 is �-equivalent to a unique t_0-∂_�-normal term.

Conjecture 4.44: Let t_0 be a term and k an integer. Then each cut t of the term ∂^k_�t_0 is a �-expansion of the t_0-∂_�-normal term that is �-equivalent to t.

Proposition 4.45: Let t and t_0 be two terms satisfying t ⊑_� t_0. If Conjecture 4.44 is true, then there exists an algorithme to find the t_0-∂_�-normal term �-equivalent to t.

5 Geometry monoids

Definition: For each addresse α, we define d_α (respectively i_α) as the partial function from the set of terms to the set of terms that sends each term t on its basic LD-expansion (its basic I-expansion) at the addresse α, if it exists.

Definition: Let A_{LD} and A_I be two disjoint copies of the addresse set A. We denote by A_{LDI} the set A_{LD} ∪ A_I and, for each α in A_{LDI}, we define di_α either as d_α if α belongs to A_{LD}, or as i_α if α belongs to A_I. We also denote by A_{LI} the subset of A_I defined as {α ∈ A_I; ∃γ : α = γ0} and by A_{LDLI} the set A_{LD} ∪ A_{LI}.

Definition: The geometry monoid of � is the monoid G_� generated by the operators di^{±1}_α with α in A_� using the composition. Analogically, the positive geometry monoid is the monoid G^+_� generated by the operateors di_α with α in A_�.

Definition: For w = α^{e1}_1 · · · · · α^{ep}p in (A^{±1}_� )^∗, the operator di_w is defined as the product di^{e1}_{α1}^• · · ·^• di^{ep}α_p , where the symbol^• means the composition from the left to the right.

Proposition 5.4: Let t and t^′ be two terms.

(i) The terms t and t^′ are �-equivalent if and only if an operator in G_� sends t onto t^′, that means if we have t^′ = t^• di_w for a word w on A^{±1}_� .

(ii) The term t is a �-expansion of the term t if and only if an operator in G^+_� sends t onto t^′, that means if we have t^′ = t^• di_u for a word u on A_�.

Definition: For t a term, we define the right height as:

rht(t) = 0 when t is a variable, rht(t) = rht(t_2) + 1 for t = t_1 · t_2.

(5.6)

We see that the right height of a term t is the legth of the rightmost branch of t.

Proposition 5.25: If Conjecture 4.44 is true then two terms t and t^′ are LDLI-equivalent if and only if they are LDI-equivalent and they have the same right height.

Definition: The set A_{LDI} is defined as the set of symbols di_α, with α in A_{LDI}. An LDI-relation is a pair of words on A_{LDI} among the following relations:

(d_{γ0α} · d_{γ1β} , d_{γ1β} · d_{γ0α}) type ⊥ (i_{γ0α} · d_{γ1β} , d_{γ1β} · i_{γ0α}) type ⊥ (d_{γ0α} · i_{γ1β} , i_{γ1β} · d_{γ0α}) type ⊥ (i_{γ0α} · i_{γ1β} , i_{γ1β} · i_{γ0α}) type ⊥ (d_{γ0α} · d_γ , d_γ · d_{γ00α} · d_{γ10α}) type D0 (d_{γ10α} · d_γ , d_γ · d_{γ01α}) type D10 (d_{γ11α} · d_γ , d_γ · d_{γ11α}) type D11 (d_{γ1} · d_γ · d_{γ1} · d_{γ0} , d_γ · d_{γ1} · d_γ ) type D1 (i_{γα} · i_γ , i_γ · i_{γ0α} · i_{γ1α}) type I (d_{γα} · i_γ , i_γ · d_{γ0α} · d_{γ1α}) type DI (i_{γ0α} · d_γ , d_γ · i_{γ00α} · i_{γ10α}) type ID0 (i_{γ10α} · d_γ , d_γ · i_{γ01α}) type ID10 (i_{γ10} · d_γ · d_{γ0} , d_γ · i_{γ0}) type ID10+ (i_{γ11α} · d_γ , d_γ · i_{γ11α}) type ID11 (i_{γ1} · d_γ · d_{γ1} · d_{γ0} , d_γ · i_γ ) type ID1 (di_{γα} · i_{γ1} · d_γ , di_{γα} · i_γ ) type C (d_γ · i_{γ11} · d_{γ1} , d_γ · i_{γ1}) type C (i_{γ1} · d_γ · di_{γ1α} , i_γ · di_{γ1α}) lg(α) ⩾ 1 type C (i_{γ1} · d_γ · d_γ , i_γ · d_γ ) type C (i_{γ1} · d_γ · d_{γ1} , i_γ · d_{γ1}) type C

The set A_{LDLI} is defined as the set of symbols di_α, with α in A_{LDLI}. An LDLI-relation is an LDIrelation (u, v) such that u and v belong to A_{LDLI}. For �, one of the families LDI, LDLI, the relation ≡^+_� is defined as the congruence of the monoid A^∗_� generated by the �-relations, and the relation ≡_� is defined as the congruence of the monoid (A^{±1}_� )^∗ generated by the �-relations and by the relations (di_γ · di^{−1}_γ , ε) and (di^{−1}_γ · di_γ , ε).

Proposition 5.26: For u, v in A^∗_{LDI}, the relation di_u ≡^+_{LDI} di_v implies di_u = di_v.

Proposition 5.39: Let u, v be two words on A_�. Then there exist words u^′, v^′ on A_� satisfying di_u · di_v′ ≡^+_� di_v · di_u′

Proposition 5.41: If w is a word on A^{±1}_� such that the domain of di_w is not empty then there exist words u, v on A_� satisfying di_w ≡_� di_u · di_v−1 .

Definition: Let A be an alphabete. We say that f is a complement on A if f is a partial mapping from A × A on A^∗ satisfying f(x, x) = ε, for each x from A, and that f(x, y) exists if f(y, x) exists. We denote ≡^+_f the relation generated by the relations (xf(x, y), yf(y, x)) with (x, y) in the domain of f. The monoid associated with f on the right is the monoid A^∗ factorised by ≡^+_f . We denote by ≡_f the relation generated by the relations (xf(x, y), yf(y, x)) with (x, y) in the domain of f completed by the relations (xx^{−1}, ε) and (x^{−1}x, ε). The group associated with f on the right is the monoid (A ∪ A^{−1})^∗ factorised by ≡_f .

We define the syntactic monoid of LDLI M_{LDLI} as the monoid (A^{±1}_{LDLI})^∗ factorised by the LDLIrelations. We see that the monoid M_{LDLI} is associated on the right with a complement.

Definition: Let w, w^′ be two words. We say that w is returnable (to the right) into w^′, denoted by w ↷ w^′, if there exists a sequence of words w = w_1, . . . , w_k = w^′ satisfying, for all i < k,

w_i = w^′_i · x^{−1}_i · y_i · w^{′′}_i and w_{i+1} = w^′_i · f(x_i, y_i) · f(y_i, x_i)^{−1} · w^{′′}_i

where x_i and y_i are letters.

Proposition 5.46: We have di_u ≡^+_{LDLI} di_v if and only if we have di^{−1}_v · di_u ↷ ε.

Proposition 5.47: The monoid M_{LDLI} is left cancelative and the left divisibility order on M_{LDLI} forms a lattice.

6 Decomposition of LDLI groupoids

Definition: Let G be a groupoid. We define ip_G as the smallest equivalence relation on G that satisfies (a, a^2) ∈ ip_G.

Proposition 6.4: For each LDLI groupoid G, the relation ip_G is a congruence and, for all a, b, c in G with (a, b) ∈ ip_G, we have ac = bc.

Definition: A right constant groupoid is a groupoid satistying the identity x · z = y · z.

Proposition 6.8: (i) Let H be an LDI groupoid and let A_a, with a ∈ H, be a family of pairwise disjoint sets. Suppose that there exists mappings f_{a,b} from A_b to A_{ab}, for all a, b in H. We define the groupoid B(H, f) as the set ⋃ a∈H A_a with the operation ∗ defined by x∗y = f_{a,b}(y), for x in A_a and y in A_b. Then the groupoid B(H, f) is LI. Moreover, if the mappings f_{a,b} satisfy the identity f_{a,bc} ∘ f_{b,c} = f_{ab,ac} ∘ f_{a,c} (6.4) for all a, b and c in H, then the groupoid B(H, f) is LD.

(ii) Let G be an LDLI groupoid. Then G is isomorphic to B(G/ip_G, f), where we have f_{ā,}¯_b = ac and ā stands for the class of ip_G that contains a.

Proposition 6.13: All simple nonidempotent LDLI groupoids are finite of primal cardinality: there exists exactly one such groupoid, up to isomorphism, for an odd prime cardinality, and two such groupoids, up to isomorphism, for the cardinality of two.

Theorem 6.17: Two terms t and t^′ are LDLI-equivalent if and only if they are LDI-equivalent and they have the same right height.

Corollary 6.18: The variety of LDLI groupoids is the join of the variety of LDI groupoids and of the one of right constant groupoids.

References

[1] G. Birkhoff: “Lattice theory”, third edition; Amer. Math. Soc. Colloquium Publications 25, Amer. Math. Soc.: Providence, R.I., 1967

[2] J. Birman, K. H. Ko, S. J. Lee: A new approach to the word and conjugacy problems in the braid groups, Advances in Math. 139, 1998, 322–353

[3] A. Björner: Orderings of Coxeter groups. C. Greene (ed.), Cont. Math. 34, Amer. Math.

Soc.: Providence, R.I., 1984, 175–195

[4] N. Bourbaki: “Groupes et algèbres de Lie, Chap. 4, 5 et 6”; Éléments de mathématiques, Fasc. XXXIV; Hermann: Paris, 1968

[5] E. Brieskorn, K. Saito: Artin Gruppen un Coxeter Gruppen, Invent. Math. 17, 1972, 245–271

[6] S. N. Burris, H. P. Sankappanavar: “A Course in Universal Algebra”, Grad. texts in Math., Springer-Verlag, 1981

[7] J. W. Cannon, W. J. Floyd, W. R. Parry: “Introductory Notes to Richard Thompson’s Groups”, L’Enseignement Mathématique 42, 1996, 215–256

[8] N. Caspard, C. Le Conte de Poly-Barbut, M. Morvan: Cayley lattices of finite Coxeter groups are bounded, preprint

[9] F. du Cloux: A transducer approach to Coxeter groups, J. of Symbolic Computation 27, 1999, 1–14

[10] P. Dehornoy: The structure group for the associativity identity, J. of Pure and Appl. Algebra 111, 1996, 59–82

[11] P. Dehornoy: Gaussian groups are torsion free, J. of Algebra 210, 1998, 291–297 [12] P. Dehornoy: “Braids and Self-Distributivity”; Prog. in Math. 192; Birkhäuser, 2000 [13] P. Dehornoy: The fine structure of LD-equivalence, Adv. in Math., 155, 2000, 264–316 [14] P. Dehornoy: Groupes de Garside, Ann. Sci. Norm. Super., 2002, 267–306 [15] P. Dehornoy: Study of an identity, Alg. Univ. 48, 2002, 223–248 [16] P. Dehornoy: Complete positive group presentation, J. of Alg. 268, 2003, 156–197 [17] P. Dehornoy, L. Paris: Gaussian groups and Garside groups, two generalisations of Artin groups, Proc. London Math. Soc. 79-3, 1999, 569–604 [18] V. Deodhar: A splitting criterion for the Bruhat orderings on Coxeter groups. Comm. in Algebra 15 (9), 1987, 1889–1894 [19] A. Drápal: Finite left distributive algebras with one generator, Journal of Pure and Appl.

Alg., 121, 1997, 233–251 [20] A. Drápal, T. Kepka, M. Musílek: Group Conjugation has Non-Trivial LD-Identities, Comment. Math. Univ. Carol., 1994, 596–606 [21] R. Freese, J. Ježek, J. B. Nation: “Free Lattices”, Math. Surveys and Monographs 42, Amer. Math. Soc., Providence, R.I., 1995 [22] F. A. Garside: The braid group and other groups, Quart. J. Math. Oxford 20, 1969, 235–254 [23] M. Geck, G. Pfeiffer: “Characters of Finite Coxeter Groups and Iwahori–Hecke Algebras”;

London Math. Soc. Monographs 21; Oxford Univ. Press, 2000 [24] E. Godelle: Parabolic subgroups of Garside groups, preprint, arXiv GR/0402389 [25] G. Grätzer: “General lattice theory”, Second ed., Birkhäuser Verlag, Basel, 1998 [26] G. Grätzer, E. T. Schmidt: Finite Lattices with Isoform Congruences, Tatra Mountain Math. Publ. 27, 2003, 111-124 [27] J. E. Humphreys: “Reflection groups and Coxeter groups”; Cambridge Univ. Press: Cambridge, 1976 [28] P. Jedlička: Prezentace s doplňky a levá distributivita (czech), master thesis, Charles University Prague; Prague, 2001 [29] P. Jedlička: A Combinatorial Construction of the Weak Order of a Coxeter Group, to appear in Comm. in Alg.

[30] P. Jedlička: On Left Distributive Left Idempotent Groupoids, preprint [31] P. Jedlička: Semidirect products of lattices, preprint

[32] P. Jipsen, H. Rose: “Varieties of Lattices”, Lecture Notes in Math. 1533, Springer-Verlag, 1992 [33] D. Joyce: A Classifying Invariant of Knots, the Knot Quandle, Journal of Pure and Applied Algebra 23, 1982, 37–65 [34] T. Kepka: Notes On Left Distributive Groupoids, Acta Univ. Carolinae – Math. et Phys.

22.2, 1981, 23–37 [35] T. Kepka, Non-idempotent left symmetric left distributive groupoids, Commentat. Math.

Univ. Carol. 35.1, 1994, 181–186 [36] T. Kepka, P. Němec: Semidistributive groupoids, Rapport de recherche 1999-9, Université de Caen, 1999.

[37] T. Kepka, P. Němec: Selfdistributive Groupoids Part A1: Non-Idempotent Left Distributive Groupoids, Acta Univ. Carolinae - Math. et Phys. 44.1, 2003, 3–94 [38] D. Larue: Left-Distributive Idempotent Algebras, Commun. Alg. 27/5, 1999, 2003–2009 [39] R. Laver: The left distributiv law and the freeness of an algebra of elementary embeddings, Adv. in Math., 91-2, 1992, 209–231 [40] C. Le Conte de Poly-Barbut: Sur les treillis de Coxeter finis, Math. Inf. Sci. Hum. 125, 1994, 41–57 [41] C. Le Conte de Poly-Barbut: Treillis de Cayley des groupes de Coxeter finis. Constructions par récurrence et décompositions sur des quotients, Math. Inf. Sci. Hum. 140, 1997, 11–33 [42] M. Picantin: Petits groupes gaussiens, PhD. thesis, 129 pages, 2000, Caen [43] L. Procházka: “Algebra”, Academia, 1990, Prague [44] D. Stanovský: Left distributive groupoids, master thesis, Charles University Prague; Prague, 2001 [45] D. Stanovský: Homomorphic images of subdirectly irreducible algebras, competition work, 2001, http://www.karlin.mff.cuni.cz/~stanovsk/math/publ.htm [46] D. Stanovský: On Equational Theory of Group Conjugation, to appear in Contr. Gen. Alg.

15, 2003